A quantum Otto heat engine is studied with multilevel identical particles trapped in onedimensional box potential as working substance. The symmetrical wave function for Bosons and the anti-symmetrical wave function for Fermions are considered. In two-particle case, we focus on the ratios of W i (i = B, F) to W s , where W B and W F are the work done by two Bosons and Fermions respectively, and W s is the work output of a single particle under the same conditions. Due to the symmetric of the wave functions, the ratios are not equal to 2. Three different regimes, low temperature regime, high temperature regime, and intermediate temperature regime, are analyzed, and the effects of energy level number and the differences between the two baths are calculated. In the multiparticle case, we calculate the ratios of W i M /M to W s , where W i M /M can be seen as the average work done by a single particle in multiparticle heat engine. For other working substances whose energy spectrum have the form of E n ∼ n 2 , the results are similar. For the case E n ∼ n, two different conclusions are obtained.
I. INTRODUCTION
In recent years, with the development of quantum information theory [1] and the control technics on a single atom, more and more attentions have been paid to the study of quantum heat engines, which use quantum systems as working substances and are the quantum mechanics generalizations of classical heat engines. In the classical thermodynamics, heat engines are devices which can convert heat to work or transfer the energy from one place to another, and they are composed of several thermodynamics processes. There are four basic processes in classical thermodynamics, i.e., adiabatic process with fixed entropy, isothermal process with fixed temperature, isochoric process with fixed volume, and isobaric process with fixed pressure. The adiabatic process is the first process generalized to quantum case by quantum adiabatic theorem [2] , and it is more rigorous than classical adiabatic process. The classical or quantum isothermal process is similar and the working substance is always thermal equilibrium with a heat bath with fixed temperature. The generalizations of the other two processes meet some difficulties because it usually does not have the concepts of volume and pressure in many quantum models for example, spin and harmonic oscillator. This difficulty is overcome by the concepts of the generalized coordinate and generalized force [3] [4] [5] [6] . So far, the four basic processes have been all generalized to quantum mechanics regimes. And all kinds of quantum systems, such as a single two-level atom [7] [8] [9] [10] [11] [12] [13] [14] , multilevel atom [15] [16] [17] [18] , harmonic oscil- * Electronic address: huangxiaoli1982@foxmail.com lator [19] [20] [21] , non-Hermit system with P T symmetric [22, 23] , and coupled system [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] , can be used as the working substances. Many quantum heat engine models may be or have been realized in experiments [38] [39] [40] [41] [42] [43] [44] [45] .
Among these studies, one motivation is to study the effects of quantum mechanics resource on the thermodynamical quantities. For example, non-equilibrium heat reservoirs can improve the heat engine efficiencies and the work extractions [46] [47] [48] [49] [50] [51] [52] [53] . In the case of coupled quantum systems as the working substances, the second law of thermodynamics can not be violated although the entanglements, a full non-classical resource in many body systems, exist in the systems. Moreover, the heat current can have the different directions between the total system and the local subsystems [25, 26, 54] .
The concept of indentity is another basic concept in quantum mechanics. It makes the ideal quantum gases at low temperature have different properties, i.e., the Bose-Einstein condensation and the Fermi sphere [55] . The effects of identical particles as working substances are first noticed in Refs. [56, 57] , in which multilevel N-particle Fermions are used as working substances to complete an isoenergetic cycle. The Pauli exclusion principle is considered in the cycle. In this paper, we consider ideal identical multilevel particles as working substances to construct quantum Otto cycles. We consider the symmetrical wave function for Bosons and the anti-symmetrical wave function for Fermions, and discuss the effects of different particle statistics and the energy level numbers on the thermodynamical quantities of the cycle. This paper is organized as follows. In Sec. II A, the working substance and the cycle are introduced. The main results of the two-particle case and analyses are given in Sec. II B and the generalizations to the multi- ∂L is the generalized force, the generalization of the pressure in classical thermodynamics, of the working substance.
particle case are discussed in Sec. III. The discussions about other working substances and the conclusions are presented in Sec. IV.
II. TWO-PARTICLE CASE

A. Working substance and the cycle
We first consider two noninteracting identical particles trapped in one-dimensional (1D) box potential as the working substance. For a single particle, the eigenenergies read
with the corresponding single particle wave functions ϕ n (x), where L is the potential width (the generalized coordinate) and m is the mass of the particle. Note that E n and ϕ n are the single particle eigenenergies and wave function respectively. The working substances of our cycle in this section are two identical particles. A quantum Otto cycle consists of two quantum adiabatic processes and two quantum isochoric processes (see Fig. 1 ). Starting from point 1, 1 to 2 is a quantum isochoric process. At point 1, the potential width is L 1 , and the energy levels of the single particle are E n (L 1 ). The occupation probability of each energy level for the two-identical-particle system (the working substance) is p c n . During this isochoric process, the working substance keeps contact with a hot heat bath at T h . At point 2, the working substance reaches the thermal equilibrium with the bath. The occupation probability of each energy level for the two-identical-particle system becomes p h n . The internal energy of the working substance can be obtained as
where
is the partition function at point 2 and β is the inverse temperature, i.e., β = 1/kT. 2 → 3 is a quantum adiabatic process where the potential width changes from L 1 to L 2 . This process is so slow that each occupation probability does not change. According to the energy spectrum of the single particle given in Eq. (1), we obtain the internal energy at point 3 as
3 → 4 is another quantum isochoric process, in which the working substance is coupled with a cold bath at T c . In enough time, it reaches thermal equilibrium with the cold bath and then the internal energy becomes
is the partition function at point 4. The last stage 4 → 1 is a quantum adiabatic process in which the potential width changes from L 2 back to L 1 and each occupation probability of the two-particle system p c n is maintained. Similar to the second stage, the internal energy at point 1 can be arranged as
Based on the above description, some heat Q h are absorbed from the hot bath at stage 1, and some of them, i.e., Q c , are released to the cold bath at stage 3. The heat transferred can be calculated according to the change in internal energy as
After a whole cycle the work done by the heat engine can be obtained according to the first law of thermodynamics as
At last the heat engine efficiency is
We can see that the efficiencies are the same for both Bosons and Fermions and they are the same as the result of a single particle as the working substance. This efficiency is always less than the Carnot efficiency. As a result, we don't consider the efficiency in the following discussions. Moreover, the ratio of L 2 to L 1 can be seen as the adiabatic compression ratio, i.e.,
is another important parameter in the cycle. 
B. Results and analyses
We first consider the three-level case, i.e., only the lowest three levels of single-particle states are involved. The wave functions of the three single-particle states are denoted by ϕ 1 (x), ϕ 2 (x) and ϕ 3 (x) with the corresponding eigenvalues E 1 (L) =¯h
2 π 2 mL 2 . In the two identical particles cases, the total wave functions should be symmetrical for Bosons and anti-symmetrical for Fermions. For the Bosons, the symmetrical wave functions and their corresponding eigenergies are
where x 1 and x 2 are the coordinates of the first and second particle respectively. As a result, the partition function reads
where i = c and h. Similarly, for the Fermions, the anti-symmetrical wave functions and the corresponding eigenenergies are
The partition function is
Putting Eqs. (12) and (14) into Eqs. (2) and (4), we can calculate the work done by the two three-level identical particles, i.e., W B for Bosons and W F for Fermions.
In this section we focus on the ratio of W i (i = B, F) to W s , where W s is the work done by a single particle as the working substance under the same conditions and it can be obtained by using single particle partition function in Eqs. (2) and (4). Here the same conditions mean the same external conditions, i.e., L 1 , L 2 , T c and T h are same for a single particle and two identical particles as working substances. The analytical expressions of the ratios are complex so we only give the numerical results here. They are shown in Fig. 2 with different adiabatic compression ratios R. We note that the positive work condition of the quantum Otto heat engine is T h > R 2 T c for a single particle trapped in 1D box potential as the working substance. This is also true for two identical three-level particles as the working substance. Moreover, we can see that in vast majority areas W B /W s is larger than 2, however, W F /W s is smaller than 2. The larger adiabatic compression ratio R makes this phenomenon more obviously. In other words, in most cases the work done by the two identical three-level particles under Bose statistics is larger than the two three-level particles under the Maxwell-Boltzmann statistics. But the work done by the particles under Fermi statistics is smaller. When R and kT h are large enough, W F /W s approaches to 1, which means that the work done by the two Fermions is similar to a single particle in three-level case.
In the following discussions, the effects of adiabatic compression ratios R are similar, i.e., larger R makes W B /W s larger for Bosons and W F /W s smaller for Fermions, and the positive work condition is determined by T h > R 2 T c . As a result, we only consider a simple case R = 2 in the following discussions. Next we consider N-level cases, where N > 3. It is more complex than three-level case and we only write down the partition functions here. For two N-level identical particles, symmetrical wave functions lead to the following partition function as,
and anti-symmetrical wave functions lead to
It can be easily checked that when N = 3 , Eqs. (15) and (16) We calculate the ratio of W i to W s in these three regimes and study the effects of energy level number N and particle statistics on the work extraction. Fig. 3 shows the results of low temperature limit. In this figure we find that when kT h is low (sightly higher than the positive work condition R 2 kT c ), W i /W s (i = B and F) is 1 for Bosons and 0 for Fermions. This can be understood as follows. When the temperature is low enough, only the lowest two energy levels are occupied. In other words, only the lowest two energy levels are effective for the work extraction. For Bosons, the lowest two energy levels are E B 1 = 
2mL 2 , which is larger than the single particle. In the low temperature case, this makes it much harder to occupy the first excited state. As a result, the work done can be ignored for Fermions. When kT h increases, the ratios The results in high temperature limit are quite different, which are shown in Fig. 4 . We first observe that the results of this case are energy level number N sensitive. When N is small, W B /W s is larger than 2 but W F /W s is smaller than 2. When N increases, the ratio decreases for Bosons and increases for Fermions. When N is large enough, this ratio can be slightly smaller than 2 for Bosons but slightly larger than 2 for Fermions. The effects of kT h on this ratio with fixed N are weak, which means that we have nearly the same ratios for different kT h with fixed N. When N > 100 the results do not change obviously with our parameters, which indicate that it can be seen as the result of N → ∞. In this case, both for Bosons and Fermions, W i /W s approaches 2, which can be understood as that the quantum statistics tends to become the classical statistics in the high temperature limit for particles trapped in 1D box potential.
In the intermediate temperature regime, the results are more complex, which are shown in Fig. 5 . Similar to the high temperature case, the results are energy level number N sensitive too. For Bosons as working substances, W i /W s is near 2 when N = 4. Then larger N makes this ratio smaller, and for the large enough N, this ratio is smaller than 2. kT h can make the ratios increase in all cases. For Fermions as working substances, W i /W s is smaller than 2 when N = 4, and the larger N becomes, the larger this ratio reaches. When N is large enough, W i /W s is near 2. The effects of kT h are different. It may make this ratio decrease (for example when Based on the results of high and intermediate temperatures cases, we confirm the conditions that quantum statistics trends to the classical statistics are both high temperature and infinitely many energy levels. In the finite energy levels case, for example, N = 4 in Fig. 4 , W i /W s is far from 2 in the high temperature limit. In the intermediate regime, when T h is large enough, W i /W s are slightly different from 2 due to the intermediate temperature T c in the cycle.
III. MULTIPARTICLE CASE
We have studied the case of two identical particles as working substances. In this section, we will discuss the case of multiparticle. The crucial point of this discussion energy level and high temperature limitations. But it is not true for low numbers of energy levels. In the intermediate temperature regime W i M /(MW s ) < 1 under the conditions (Fig. 7) . For Bosons, it decreases with both M and N. For Fermions, the ratio decreases with M but increase with N.
IV. DISCUSSIONS AND CONCLUSIONS
Before concluding this paper, we focus on other common models in quantum mechanics as working substances. The first is particles trapped in harmonic potential, whose single particle energy spectrum is E n = Another two common models are the extremely relativistic particle trapped in a box potential [55] and the particle trapped quartic potential [59] , whose energy spectrum is E n = πhc L n and E n =¯h 2 mL 4/3 n 2 respectively. After the same procedure, we can obtain the results of these two types of particles as working substances. We find that the results of particles trapped in quartic potential are similar to the ones of particles trapped in 1D box potential. Other two working substances, i.e., the extremely relativistic particle and particles trapped in harmonic potential are similar. The key point which determines the properties is the index of n.
It is another interesting problem to consider the results of a system composed of both Bosons and Fermions as working substances. The simplest case is one Boson and one Fermion. In this case, the two particles are different and they can be distinguished. As a result W/W s is 2, i.e., the result is classical. But when we have many Bosons and Fermions in one system as working substance, the case is very complex and it would be discussed elsewhere.
In conclusion, we have established quantum Otto heat engines with multilevel identical particles trapped in 1D box potential as the working substance. The efficiencies of multiparticle heat engines are the same to the ones of single-particle heat engine. Then in two-particle case, we concentrate on the ratios of W B or W F to W s , and study the effects of other parameters on the ratios. In the multilevel case, we consider three regimes. We find that the ratios are energy level number sensitive in high temperature and intermediate temperature regimes, but is not in low temperature regime. We also discuss the results of multiparticles case. The results obtained here can be generalized to the working substances whose energy spectrum can be arranged as E n ∼ n 2 . For the working substance in the form of E n ∼ n, we have two different results for the case of (M + 1)-level M Fermions and in the limitation N → ∞.
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